THE WEDGE PRODUCT FOR SOPHOMORE CALCULUS

FRANK BIRTEL

The exterior algebra offers a computational and conceptual tool which can be in-
troduced in sophomore multivariable calculus with a minimum of formalism. The
purpose of this note is to demonstrate how that can be done for the ordinary second
year calculus student from the very beginning of his or her study.

Although the formulations in this paper have been carried out in n-dimensional
Euclidean space, which might strike some readers as notationally forbidding, each
proposition can be stated and proved in three our four dimensions to avoid this
notational generality, and except for notation, all statements and proofs will not
differ from the n-dimensional version.

When the exterior algebra is available from the outset in a sophomore calculus
course, it can be used to discuss k-dimensional planes, simultaneous linear systems
of equations, linear transformations and all aspects of multivariable integration, the
gradient, divergence and curl culminating in a single Stokes’ theorem for differential
forms which subsumes all of the separate Green, Gauss, divergent and classical Stokes
results.

Cartan originally introduced the exterior algebra in order to simplify calculations
with integrals. Not only are calculations simplified, but also concepts become unified,
geometric, and easy to remember. After fifty years it is surprising not to find these

techniques incorporated into the standard calculus curriculum at an early stage.
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In this paper we will presume the standard introduction to vectors and the inner

(dot) product which appears in every multivariable calculus text.

1. WEDGE PRODUCT

Definition 1. Let vy,v,,...,v, be k vectors in R". Define the wedge product

v, Avy, A -+ - A v, by stipulating that

v = 0 for any vector v € R™.
w = (—1)w A v for any vectors v and w in R".
(iii) With the exception of (i) and (ii) all algebraic rules which apply to “ordinary

multiplication”, also apply to “A”.

Let ¢, = (0,...,0,1,0...0) € R" and let I,, = {1,2,...,n}.

n n n
Vi ANV Ao ANy = (Zaugi) N (Zmz) ARSRRA (Zmz)

i=1 i=1 i=1
= E @iy 1, Qig2, Qig3 - - - Qi k€45 N E5 N - oo N €y

(ilai2»"'7ik)elrki

= E @iyl Qig2 - - - Wi k€4 N €jy N v N €y

(81 i2,...yig ) ETE
ia#ig;1<a,B<k

by applying (i),
= Z (=1)"ai1, Qg2 - - - Qigky, Ny Noo- N e,

11 <t <--<ip
(i1,02,.,0k)EI]

by applying (ii),

where v denotes the number of transpositions required to obtain ; < 19 < - -+ < .

Any k-fold wedge product can be expressed in this reduced form.



THE WEDGE PRODUCT FOR SOPHOMORE CALCULUS 3
Note: This should be demonstrated concretely in R?® or R*. Students, without
mastering the above formalism, can adapt without difficulty to putting the wedge

product of vectors in R™ into reduced form.

Definition 2. In reduced form v; Avy A--- Aw, =ceg ANes A--- Ne, and c is the

determinant of the matrix,

ay;pr Q12 ... Q1n
21 Q929 ... Qon
Ap1 «++ .. Qpn

n
where v; = Zlaijgi, for j =1,2,...,n. Restating,
1=

c=det(a;;), 1<i,j<n.

This definition is stated because the usual sophomore is unfamiliar with determi-
nants larger than 3 x 3. Though inefficient, determinants so defined, can be computed

in higher dimensions using this definition.

AR Uy - Y

. 9 Vo ly . Upr Uy
Definition 3. Define |Jv; Auy A -+ Ay, |]* = det

U Uy -0 Uy U

lvy Avg AL w,,|| is called the length of the wedge product vy A vy A -+ A wy.

Agreement of this definition with the usual definition of length ||v|| of a vector v in

R3 follows from [[v||* = v - v.

Definition 4. Let v,,v,,...,v, € R". And define

k
P(217QQ7.--,Qn) = {ZC’LQZOSC’L S 1 y G ER} .

=1



4 FRANK BIRTEL
P(vy,v,y,...,0,) is called the parallelipiped determinant by vy, vy, ..., V.

Again a demonstration of the definition of R? and R?® motivates the student.

2. FUNDAMENTAL FACTS ABOUT THE WEDGE PRODUCT

Theorem 1. For v,,v,,...,v, € R",
lug Avg A== Ayl = volk P(vy, v, - - -, 1)

where voly, is understood traditionally as volume of the (k— 1) dimensional base times

the altitude.

Proof. Proceed by induction on k. The k = 1 case is trivial. Now to show the (k—1)

case implies the k case, write

k-1
gkzg—l—Zcivi where z L v, ,i=1,2,...,(k—1).
i=1

Then |lu; Avg A Awgll? = |lug Avg A Awyy Azl = (det(v; - v))1<ijer—1) (z-2) =

vol2_P(vy, Vs, ..,V 1)|Ix[|*. Therefore,
Jug Aug A Ayl = voli P (vy, vg, - o o5 U1, 0y,) -
Theorem 2. For v,,v,,...,v, € R",

||Q1ay2 ARERNA QkHQ = Z a’zzl,iz...ik

11 <to<-<ip
1<i,j<n
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Remark. This theorem provides the student with an easier way to compute
lvy A vy A -+ Aw| coinciding with the way vector lengths are calculated. Sim-
ply put the wedge product into reduced form and take the square root of the sum of

the squares of the coefficients.

Proof. The proof is by induction using the reduction of the previous proof.

lvg Avg Avee A Qk—lHQ = Z i yig...ip—y, = det (Qi7yj)1§i7jgk71 :
11 <tg<--<tp_1
1<i,j<n
But [lu; Awy A - Awl? = det(y; - vi)i<igear = (det(v; - v;)1<ij<k1) (& - ) =
> a7y The k=1 case is trivial.
11 <tg<---<ip ’
1<i,5<n
Theorem 3. For v,,v,,...,v, € R",

yl/\QQ/\---/\ykzoifandonlyifyj:Zaiyi for some 7,1 <757 < k.

=1
i#j

k
Proof. (if) vy Avg A Av =vy Avg A A D au; A+ Ay, = 0.

=1
1#]
(only if) v; Avy A« Aw, = 0 implies by Theorem 1 that vol,P(v,, vy, .. .,v;) = 0.

Hence one of the vectors vy, v, ..., v, is a linear combination of the others.

N.B. “~7 indicates that symbol is omitted.

Definition 4. The x-operator on an (n — 1)-fold wedge product R" is defined as

follows:

(i) *-operator is linear.

(i) *(e; Aeg Aver A Ej Aoe,)=(=1)""e
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The *-operator on an n-fold wedge product in R" is defined as follows:

(i) *-operator is linear.

(i) *(e Ao Ae,) = 1.

n
Theorem 5. For w,,v,,v,,...,v, 1 € R,

) =

(WAL AV A ATy ) = w50y AU Ao Ay

Comment. Theorem 5 can be used to reinforce the role of the wedge product in

computing volumes of parallelepipeds, since

| v Avg Ao Ayl = |lug Avg Ao A, |

]|

v
—_— . UTL
]|

= Volume of the base x altitude.

n

n
Proof oy Avg A---Avyy = 35, = egNep A AejA.e, andw = 3 wig;,
...... &

j=1
n n n
—1 _ -1
(Z(_l)j 12..5 .. J) ) (Z wﬂeﬂ) - (=1)’ o 5mi And
j=1 j=1 j=1
n n
* (w AN S WASREEIA vk) = % (w A Zam._ﬂ._. (A ANCERA gn> = Z(—l)J—1a12 ~
j=1 j=1
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Theorem 6. For vy, v,,...v, 1 € R" *v; Avy, A--- Av, ; is a vector w satisfying
() w-v;=0(wLy;)for1<j<n—1

(ii) ”wH = VOlnfltp(KhKQ? s 7Xn—1)'

Proof. w-v; = (%01 AU A~ - AV, 1) 0; = 50 AUy A+ - AL, A fori =12, (n—1)
by Theorem 5. But %v; Avy A -+ Aw, 1 Ay, = 0. And for (ii), simply note that
01 Ava A+ - - Avy, 4[| = || %03 Ay A- - - Awy_y ||, by Theorem 2. But |ug Avy - - Avy, || =

VOln—IP(YhYQ? e 7Yn71)'

Theorem 7. If T : R™, m < n, is a linear map, then the change in volume of the unit

parallelepiped P(ey, €, . . ., €,,) under the mapping T'is || T(e;) A--- AT (e, )| = det T

Proof.
[T(er) A--- AT(g, )| = volaP (T(ey), T(ey), - -, Tley))
=detT vol,P(e;,€9,...,€,)

assuming that the student is aware of matricial representations of linear transforma-
tions by matrices whose columns are the coordinates of the image of the standing

basis vectors ey, ...e,.

Remarks. In R?,

1. vxw=x*vA

IS

2. u-(uxw)=u-xwAw) =uAvAw

=(ure; + ugey + uges) A (vie; + vaey + vses) A (wie; + waey + wies)
Uy Uz U3

=det V1 Vg Vs
wy w2 W3



